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STABILITY OF ASAI LOCAL FACTORS FOR 퐺퐿(2)
YEONGSEONG JO AND M. KRISHNAMURTHY
ABSTRACT. Let 퐹 be a non-archimedean local field of characteristic not equal to 2 and let 퐸∕퐹 be a
quadratic algebra. We prove the stability of local factors attached to (complex) irreducible admissible
representations of 퐺퐿(2, 퐸) via the Rankin-Selberg method under highly ramified twists. This includes
both theAsai as well as the Rankin-Selberg local factors attached to pairs. Our method relies on expressing
the gamma factor as a Mellin transform using Bessel functions.
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1. Introduction and statement of the main result
Let 퐆 = GL2 and let 퐹 be a non-archimedean local field whose char(퐹 ) ≠ 2. Let 푞 denote the
cardinality of the residue field. Let 퐸 be a quadratic algebra over 퐹 . We consider the local 훾-factor
attached to an irreducible admissible (complex) representation Π of퐆(퐸⊗퐹 퐹 ) by the Rankin-Selberg
method [10, 13, 14]. Let 훾(푠,Π, 휒, 휓) denote this 훾-factor, where 휒 is a character (smooth) of 퐹 × and
휓 = 휓퐹 is a fixed non-trivial character of 퐹 . Then
훾(푠,Π, 휒, 휓) =
{
훾As(푠,Π, 휒, 휓) if 퐸 is a field
훾(푠, (휋 ⊗ 휒) × 휎, 휓) if 퐸 = 퐹 × 퐹 .
Here 훾(푠, (휋 ⊗휒) ×휎, 휓) is the Rankin-Selberg 훾-factor attached to the representation Π = (휋 ⊗휒) ×휎
of GL2(퐹 ) × GL2(퐹 ) [13], and 훾As(푠,Π, 휒, 휓) is the Asai 훾-factor studied by Flicker [10]. When 퐸 is a
field, if 휒퐸 denotes a character of 퐸
× whose restriction to 퐹 × is 휒 , then this is in fact the Asai 훾-factor
attached to the representation Π⊗휒퐸 of 퐆(퐸). By definition, it is independent of the choice of 휒퐸 . In
this paper, we prove
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Theorem 1.1. Suppose Π1 and Π2 are irreducible admissible representations of GL2(퐸 ⊗ 퐹 ) having
the same central character. Then there exists an integer 푁 so that
훾(푠,Π1, 휒, 휓) = 훾(푠,Π2, 휒, 휓)
for all characters 휒 whose conductor 푛(휒) > 푁 . In other words, the local 훾-factor 훾(푠,Π, 휒, 휓) is
stable for 휒 sufficiently highly ramified. In this situation,
퐿(푠,Π1, 휒) = 퐿(푠,Π2, 휒) ≡ 1,
and consequently the epsilon factor stabilize as well:
휀(푠,Π1, 휒, 휓) = 휀(푠,Π2, 휒, 휓).
In the split case, the above theorem is not new, it is in fact proved by Jacquet and Shalika [12] for
GL푛 × GL푛, 푛 ≥ 2. They first prove the unequal case, i.e, GL푛 × GL푚, 푛 ≠ 푚, and then deduce the
equal case by embedding GL푛 × GL푛 ⊂ GL푛 × GL푛+1, in order to avoid using the more complicated
Rankin-Selberg integral in the equal case. On the other hand, our proof (for GL2 × GL2) follows from
a direct manipulation of the underlying local integral. Also, when char(퐹 ) = 0 and 퐸 is a field, the
above theorem follows from [7, Theorem A] since the stability property for Artin 훾-factors is known
[9]. The proof there is global-to-local where as the proof here, using the theory of Howe vectors [11], is
purely local. To the best of our knowledge, Theorem 1.1 is new in the positive characteristic case. More
importantly, we believe the approach here will be applicable to other situations where stability remains
an open probem. (See Remark below.) We would also like to point out the recent works [1, 4, 17] on
comparing the different notions of Asai local factors using global-to-local methods.
We now outline our proof of Theorem 1.1 which is inspired by the works of Baruch [3] and Chai and
Zhang [6]. For an irreducible admissible representation Π of GL2(퐸⊗퐹 ), recall the local zeta integral
푍(푠,푊 ,Φ, 휒) = ∫U(퐹 )∖퐆(퐹 )푊 (푔)Φ(푒2푔)휒(det(푔))|det(푔)|푠퐹 푑푔.
Here,푊 lies in the Whittaker model of Π, and Φ is a Schwartz-Bruhat function on 퐹 2. Also, we have
푊̃ , the Whittaker function dual to 푊 , which belongs to the Whittaker model of the contragredient
representation Π̃. If Φ̂ denotes the Fourier transform of Φ relative to 휓 , then there is the associated
dual zeta integral 푍(1 − 푠, 푊̃ , Φ̂, 휒−1). The gamma factor 훾(푠,Π, 휒, 휓) is a rational function of 푞−푠
satisfying the relation
푍(1 − 푠, 푊̃ , Φ̂, 휒−1) = 훾(푠,Π, 휒, 휓)푍(푠,푊 ,Φ, 휒)
for all pairs (푊 ,Φ).
For 푚 ≫ 0 suitably large and an appropriate Φ, we show that 푍(푠,푊푚,Φ, 휒) is a non-zero constant
on 푠 and that it only depends on 휋 through its central character. This is done in Proposition 3.3. Here,
푊푚 is the Howe Whittaker function as in (2.4) on the group GL2(퐸 ⊗ 퐹 ). Following [20], we use
the notation 퐵푚(푔,푊 ) to denote 푊푚(푔), since it is also a partial Bessel function in the sense of [8].
For Π1 and Π2 as in Theorem 1.1, let 휔 denote the restriction of the common central character to 퐹
×.
Taking Whittaker functions 푊Π1 ,푊Π2 in their Whittaker models, respectively, let (푊Π1 )푚 = 푊Π1,푚
and (푊Π2)푚 = 푊Π2 ,푚 denote the corresponding Howe Whittaker functions. First, we show that the the
difference 푍(1 − 푠, 푊̃Π1 ,푚, Φ̂, 휒
−1) −푍(1 − 푠, 푊̃Π2,푚, Φ̂, 휒
−1) (see (3.7)) is
≈ ∫
퐹 ×
[퐵푚(푡(푎, 1)푤,푊Π1 ) − 퐵푚(푡(푎, 1)푤,푊Π2 )](휔휒)
−1(푎)|푎|−푠퐹 푑×푎,
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where the implied constant depends only on 휔, 휒, 휓 and 푚. We exploit properties of Howe Whittaker
functions to arrive at this equality, particularly Proposition 2.7, which controls the support of the func-
tion 퐵푚(⋅,푊Π1) − 퐵푚(⋅,푊Π2) away from the identity.
We note that 푚 in the above expression depends on the conductor 푛(휒) of 휒 . At this point, we split
the proof into two cases according to whether 퐸 is a field or not. Using properties of the functions 푊푚
and the full Bessel function, we show that the function 푎 ↦ 퐵푚(푡(푎, 1)푤,푊Π1 ) − 퐵푚(푡(푎, 1)푤,푊Π2 ) is
in fact independent of 푚 for sufficiently large 푚. This in turn implies that the above integral is zero for
a suitably highly highly ramified 휒 , thus concluding the proof of our Theorem. (The claim about the
퐿-function may be proved along the lines of [12, Proposition 5.1].) This is all explained in Section 3.
We also summarize the required properties of푊푚 in Subsection 2.3.
Remark 1.2. We hope to generalize our method to prove the stability of the Rankin-Selberg Asai, Sym2
and ∧2 gamma factors for GL푛. This is non-trivial – the main obstacle being the analogue of Propo-
sition 2.7 for GL푛 (see [2, Lemma 6.2.2]) which introduces other relevant Weyl elements, besides the
identity and the long element, while analyzing the partial Bessel function 퐵푚(⋅,푊1−푊2). We speculate
the techniques of [8] to be useful in this regard.
2. Preliminaries
2.1. Asai local factors. Let 퐆 = GL2. For any local field 퐹 , we write 픬퐹 to denote its ring of integers
and 픭퐹 for the maximal ideal in 픬퐹 . Let val퐹 ∶ 퐹
×
→ ℤ be the associated discrete valuation map. We
fix a uniformizer 휛퐹 , so that 픭퐹 = (휛퐹 ) and val퐹 (휛퐹 ) = 1. The corresponding absolute value |푥|퐹 =
푞−val퐹 (푥) is the normalized absolute of 퐹 with |휛퐹 |퐹 = 푞−1, where 푞 = |픬퐹∕픭퐹 | is the cardinality of
the residue field. For the algebraic group 퐆 = GL2, let B = TU denote the Borel subgroup of upper
triangular matrices, where
T =
{
푡(푎, 푏) ∶=
(
푎
푏
) ||||| 푎, 푏 ∈ 픾푚
}
is the maximal torus consisting of diagonal matrices and
U =
{
푢(푥) ∶=
(
1 푥
1
) ||||| 푥 ∈ 픾푎
}
is the unipotent radical of B. Let Z denote the center of GL2, and let A denote the subtorus
A =
{
푡(푎, 1) || 푎 ∈ 픾푚} .
Let
U =
{
푢(푥) ∶=
(
1
푥 1
) ||||| 푥 ∈ 픾푎
}
be the unipotent subgroup opposed to U. We write
푤 =
(
1
1
)
to denote the long Weyl element in GL2. Recall the Bruhat decomposition
퐆(퐹 ) = B(퐹 ) ∪ B(퐹 )푤U(퐹 ),
with uniqueness of expression, i.e., every 푔 ∉ B(퐹 ) has a unique expression of the form 푔 = 푏푤푢, 푏 ∈
B(퐹 ), 푢 ∈ U(퐹 ). Put K = K퐹 = GL2(픬퐹 ), the standard maximal compact subgroup of 퐆(퐹 ).
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Let 퐹 be a non-archimedean local field whose char(퐹 ) ≠ 2. Let퐸 be a quadratic algebra over 퐹 with
the associated trace map tr퐸∕퐹 . There are two possibilities for 퐸 ∶ (1) 퐸 = 퐹 × 퐹 and (2) 퐸 is a field.
We fix an additive character 휓 = 휓퐹 of 퐹 . In Case (1), it is convenient to set 휉 = (1,−1), and in Case
(2), we fix an element 휉 ∈ 퐸 − 퐹 such that tr퐸∕퐹 (휉) = 0. We define the non-trivial additive character
휓퐸 of 퐸 by 휓퐸(푥) = 휓(tr퐸∕퐹 (휉푥)), then 휓퐸 is trivial on 퐹 . (Note that in the split case 휓퐸 = (휓, 휓
−1).)
The character 휓퐸 defines a non-degenerate character of U(퐸) via 푢(푥) ↦ 휓퐸(푥). Similarly, 휓 defines
one for U(퐹 ).
Suppose 휋 is an irreducible admissible representation of GL2(퐹 ). If 휋 is generic, we write(휋, 휓)
to denote associated Whittaker model relative to 휓 . If 휋 is not generic, then 휋 is of the form 휋 = 휂퐹◦det
for some character 휂퐹 of 퐹
× and may be realized as the Langlands quotient of the (normalized) induced
representation (휌, 퐼(휂퐹 | ⋅ |1∕2퐹 , 휂퐹 | ⋅ |−1∕2퐹 )). We fix a non-zero Whittaker functional 휆 on this space and
form
(휌, 휓) = {푊푣(푔) = 휆(휌(푔)푣) | 푣 ∈ 퐼(휂퐹 | ⋅ |1∕2퐹 , 휂퐹 | ⋅ |−1∕2퐹 ), 푔 ∈ GL2(퐹 )}
with the natural action ofGL2(퐹 ) by right translation. This will then play the role of theWhittaker model
for 휋 and by abuse of notation we set(휋, 휓) ∶=(휌, 휓). Let 휋휄 denote the representation of GL2(퐹 )
with 휋휄(푔) = 휋(푡푔−1) on the same underlying space 푉 . It is well-known that if 휋 is irreducible, 휋휄 is
isomorphic to its contragredient representation 휋̃. If 푊̃ (푔) ∶= 푊 (푤푡푔−1), then 푊̃ lies in(휋휄, 휓−1).
Suppose Π is an irreducible admissible representation of GL2(퐸 ⊗ 퐹 ) with associated Whittaker
model(Π, 휓퐸), that is,
∙ Case (1) Π = 휋 ⊗ 휎, where 휋 (resp. 휎) is an irreducible admissible representations of GL2(퐹 ),
and(Π, 휓퐸) =(휋, 휓)⊗(휎, 휓−1);
∙ Case (2) Π is an irreducible admissible representation of GL2(퐸) with the associated Whittaker
model(Π, 휓퐸).
In Case (1), we note that(Π, 휓퐸) is generated as a linear space by functions 푊 of the form
푊 (푔1, 푔2) = 푊1(푔1)푊2(푔2),푊1 ∈(휋, 휓),푊2 ∈(휎, 휓−1), 푔1, 푔2 ∈ GL2(퐹 ).
In this situation, we write 푊 (푔) = 푊 (푔, 푔) to denote its value on the diagonal subgroup GL2(퐹 ) ↪
GL2(퐸 ⊗ 퐹 ).
Let 퐶∞푐 (퐹
2) be the space of locally constant, compactly supported functions Φ ∶ 퐹 2 → ℂ. We write
푒1 = (1, 0) and 푒2 = (0, 1) to denote the standard basis for 퐹
2. The Fourier transform of Φ ∈ 퐶∞푐 (퐹
2)
with respect to 휓 is given by
Φ̂(푦) = Φ̂휓 (푦) = ∫퐹 2 Φ(푥)휓(푥
푡푦) 푑푥,
where 푑푥 is the self-dual measure for which the Fourier inversion formula takes the form
̂̂
Φ(푥) = Φ(−푥).
For 푊 ∈ (Π, 휓퐸), Φ ∈ 퐶∞푐 (퐹 2), a smooth character 휒 of 퐹 ×, and 푠 ∈ ℂ, consider the zeta
integral [10, 14]
푍(푠,푊 ,Φ, 휒) = ∫U(퐹 )∖퐆(퐹 )푊 (푔)Φ(푒2푔)휒(det(푔))|det(푔)|푠퐹 푑푔,
where 퐆(퐹 ) ↪ 퐆(퐸) embedded diagonally. In Case (2), if 휒퐸 is a character of 퐸
× whose restriction to
퐹 × is 휒 , then this is the Flicker integral [10] attached to the representation 휋 ⊗ 휒퐸 and it clearly only
depends on the restriction of 휒 .
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For each (푠,푊 ,Φ) as above, the integral 푍(푠,푊 ,Φ, 휒) converges absolutely when ℜ(푠) is suffi-
ciently large and defines a rational function of 푞−푠. The collection of all such integrals span aℂ[푞푠, 푞−푠]-
fractional ideal of ℂ(푞−푠). Further, there is a function 훾(푠,Π, 휒, 휓, 휉) ∈ ℂ(푞−푠) satisfying the local
functional equation
(2.1) 푍(1 − 푠, 푊̃ , Φ̂, 휒−1) = 훾(푠,Π, 휒, 휓, 휉)푍(푠,푊 ,Φ, 휒)
We refer the reader to [13, Theorem 2.7] and [14, Theorem 2] for proofs of these properties. We write
훾(푠,Π, 휒, 휓, 휉) =
{
훾(푠, (휋 ⊗ 휒) × 휎, 휓) in Case (1)
훾As(푠,Π, 휒, 휓, 휉) in Case (2)
to denote the Rankin-Selberg 훾-factor and the Asai 훾-factor, respectively. From loc.cit., we also have
the corresponding Asai 퐿-factor 퐿As(푠,Π, 휒) and the Asai 휀-factor 휀As(푠,Π, 휒, 휓, 휉) satisfying
휀As(푠,Π, 휒, 휓, 휉) = 훾As(푠,Π, 휒, 휓, 휉)
퐿As(푠,Π, 휒)
퐿As(1 − 푠,Π
휄, 휒−1)
,
and the Rankin-Selberg 퐿-factor 퐿(푠, (휋 ⊗ 휒) × 휎) and 휀-factor 휀(푠, (휋 ⊗ 휒) × 휎, 휓) satisfying
휀(푠, (휋 ⊗ 휒) × 휎, 휓) = 훾(푠, (휋 ⊗ 휒) × 휎, 휓)
퐿(푠, (휋 ⊗ 휒) × 휎)
퐿(1 − 푠, (휋휄 ⊗휒−1) × 휎휄)
.
2.2. Dependence on the pair (휓, 휉). We end this Section by examining the dependence of the local
훾-factor on the pair (휓, 휉). A different choice of (휓 ′, 휉′) results in elements 푎, 푏 ∈ 퐹 ×, satisfying
휓 ′(푥) = 휓(푎푥), 푥 ∈ 퐹 , and 휉′ = 푏휉. Let 휔Π denote the central character of Π and put 휔 = 휔Π|퐹 × . In
Case (1), 휔 = 휔휋휔휎; and in Case (2), 휔 = 휔Π|퐹 × . We have the following well-known fact whose proof
we include here for the sake of completeness.
Lemma 2.2. For 푎, 푏 ∈ 퐹 × as above, we have
훾(푠, (휋 ⊗ 휒) × 휎, 휒, 휓 ′) = 휔2(푎)휒4(푎)|푎|4푠−2훾(푠, (휋 ⊗ 휒) × 휎, 휒, 휓)
훾As(푠,Π, 휒, 휓
′, 휉) = 휔2(푎)휒4(푎)|푎|4푠−2훾As(푠,Π, 휒, 휓, 휉)
and
훾As(푠,Π, 휒, 휓, 휉
′) = 휔(푏)휒2(푏)|푏|2푠−1훾As(푠,Π, 휒, 휓, 휉).
Proof. We give the proof in the non-split case. A similar proof works in the split case as well. Let
푊 ′(푔) =푊 (푡(푎, 1)푔), then one checks that푊 ′ ∈(Π, 휓 ′
퐸
) and the map푊 ↦ 푊 ′ is a bijection from
(Π, 휓퐸) to(Π, 휓 ′퐸). It is easy to see that
푍(푠,푊 ′,Φ, 휒) = ∫U(퐹 )∖퐆(퐹 )푊
′(푔)Φ(푒2푔)휒(det(푔))|det(푔)|푠퐹 푑푔
= 휒−1(푎)|푎|1−푠
퐹
푍(푠,푊 ,Φ, 휒).
For Φ ∈ 퐶∞푐 (퐹
2), if Φ̂휓 ′ denotes the Fourier transform with respect to 휓
′, then
Φ̂휓 ′(푥, 푦) = |푎|퐹 Φ̂휓 (푎푥, 푎푦).
6 YEONGSEONG JO ANDM. KRISHNAMURTHY
Thus (with Φ̂ = Φ̂휓 )
푍(1 − 푠, 푊̃ ′, Φ̂휓 ′)
= 휔(푎)|푎|퐹 ∫U(퐹 )∖퐆(퐹 ) 푊̃ (푡(푎, 1)푔)Φ̂(푒2푡(푎, 푎)푔)휒−1(det(푔))|det(푔)|1−푠퐹 푑푔
= 휔2(푎)휒2(푎)|푎|2푠−1
퐹 ∫U(퐹 )∖퐆(퐹 ) 푊̃ (푡(푎, 1)푔)Φ̂(푒2푔)휒
−1(det(푔))|det(푔)|1−푠
퐹
푑푔
= 휔2(푎)휒3(푎)|푎|3푠−1
퐹
푍(1 − 푠, 푊̃ , Φ̂).
The first assertion now follows from the local functional equation (2.1). A similar calculation works for
the second assertion. One only needs to observe that, changing 휉 ↦ 휉′ but keeping 휓 unchanged, alters
the additive character with respect to which the Whittaker model is considered but has no effect on the
Fourier transform. 
Henceforth, we fix a 휓 = 휓퐹 so that it is unramified, and also fix a choice of 휉 in Case (2) so that
the corresponding 휓퐸 is also unramified and we suppress 휉 in the subsequent notation. Thus we write
훾(푠,Π, 휒, 휓) to denote
훾(푠,Π, 휒, 휓) =
{
훾(푠, (휋 ⊗ 휒) × 휎, 휓) in Case (1)
훾As(푠,Π, 휒, 휓) in Case (2).
2.3. Howe vectors and partial Bessel functions. We review the theory of Howe vectors [11] for GL2
over a local field 퐹 which was subsequently studied by Baruch [2] in a more general context. Let 푞
denote the cardinality of the residue field. Let 휓 be an additive character of 퐹 of conductor 0, i.e., 휓
is trivial on 픬퐹 while 휓|픭−1
퐹
≠ 1. Suppose (휋, 푉 ) is an irreducible admissible representation of GL2(퐹 )
with the associated Whittaker model =(휋, 휓) relative to 휓 .
For 푚 ≥ 1, let K푚 be the 푚-th congruence subgroup, i.e., K푚 = I + M2(픭푚퐹 ). On K푚, define the
function 휏푚 by the formula
휏푚(푘) = 휓(휛
−2푚
퐹
푘1,2),
where (푘푖,푗) is the matrix of 푘. One checks that 휏푚 is a linear (unitary) character of K푚, trivial on K2푚.
Put
푑푚 =
(
휛−2푚
퐹
1
)
,
and let J푚 = 푑푚K푚푑
−1
푚 . Then J푚 is given by
J푚 =
(
1 + 픭푚
퐹
픭−푚
퐹
픭3푚
퐹
1 + 픭푚
퐹
)
.
Define a character 휑푚 of J푚 by 휑푚(푗) = 휏푚(푑
−1
푚 푗푑푚), 푗 ∈ J푚.
It is well-known (cf. [5]) that K푚 is decomposed with respect to B, i.e., the product map
K푚 ∩ U(퐹 ) × K푚 ∩ T(퐹 ) × K푚 ∩ U(퐹 )⟶ K푚
is a bijection, in fact, a homeomorphism of topological spaces. Since 푑푚 is diagonal, it follows that the
group J푚 is also decomposed with respect to B. Further,
푑푚(K푚 ∩ U(퐹 ))푑
−1
푚 ⊃ K푚 ∩ U(퐹 ) and 푑푚(K푚 ∩ U(퐹 ))푑
−1
푚 ⊂ K푚 ∩ U(퐹 ),
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i.e., conjugation by 푑푚 enlarges the upper partK푚∩U(퐹 ) ofK푚 while shrinking its lower partK푚∩U(퐹 ).
Let us put J퓊푚 = J푚 ∩ U(퐹 ) and J
퓁
푚 = J푚 ∩ U(퐹 ). One checks that 휑푚 and 휓 both agree on J
퓊
푚 .
For 푚 ≥ 1, consider the function 푓푚 in the Hecke algebra of 퐆(퐹 ) given by
푓푚 =
{
1
vol(Jm)
휑−1푚 on J푚
0 outside of J푚
.
For 푣 in 푉 , put 푣푚 = 휆(푓푚)푣. Explicitly, 푣푚 =
1
vol(Jm)
∫
J푚
휑−1푚 (푗)(휆(푗)푣)푑푗.
Definition 2.3. Fix a 푣 satisfying 휆(푣) = 1 and let 푙 be an integer so that K푙 fixes 푣. Then the vector 푣푚
is called a Howe vector of 휋 if 푚 ≥ 푙.
An important property of Howe vector 푣푚 is that it is also given by the formula
푣푚 =
1
vol(J퓊
m
) ∫
J퓊푚
(휆(푢)푣)휓−1(푢)푑푢.
To see this, one has to utilize the decomposition J푚 = J
퓊
푚 ⋅ (J푚∩B(퐹 )) and observe that J푚∩B(퐹 ) ⊂ K푚
fixes 푣 for 푚 ≥ 푙. For푊 ∈ , we define 푊푚 ∈ by
(2.4) 푊푚(푔) =
1
vol(J퓊푚) ∫
J퓊푚
푊 (푔푢)휓−1(푢)푑푢.
Note, if 푊 = 푊푣 and 푣푚 is a Howe vector, then 푊푚 = 푊푣푚 is the corresponding Howe Whittaker
function. We collect the important properties of the functions 푊푚 in the following Lemma. (cf. [3,
Lemma 5.2]).
Lemma 2.5. Choose 푊 ∈  so that 푊 (I) = 1. Let 푙 be such that 휌(K푙)푊 = 푊 , where 휌 denotes
right translation. Then we have
(1) 푊푚(I) = 1;
(2) If 푚 ≥ 푙, then푊푚(푔푗) = 휑푚(푗)푊푚(푔) for all 푗 ∈ J푚;
(3) If 푚 ≥ 푘, then
푊푚(푔) =
1
vol(J퓊푚) ∫J퓊푚
푊푘(푔푢)휓
−1(푢)푑푢.
We also have the following Lemma (cf. [6, Lemma 3.2]) concerning the support of 푊푚 on the
diagonal torus.
Lemma 2.6. Let 푚 ≥ 푙 and푊푚 be as in Lemma 2.5. Then we have
(1) 푊푚(푡(푎, 1)) ≠ 0 ⟺ 푎 ∈ 1 + 픭푚퐹 .
(2) If푊푚(푡(푎, 1)푤) ≠ 0, then 푎 ∈ 픭−3푚퐹 .
Proof. For 푥 ∈ 픭−푚
퐹
we have 푢(푥) ∈ J퓊푚 . From the relation(
푎
1
)(
1 푥
1
)
=
(
1 푎푥
1
)(
푎
1
)
,
we obtain 휓(푥)푊푚(푡(푎, 1)) = 휓(푎푥)푊푚(푡(푎, 1)). If 푎 ∉ 1 + 픭
푚
퐹
, we have (1 − 푎)푥 ∉ 픬퐹 ⊂ ker(휓) for
some 푥 ∈ 픭−푚
퐹
. Thus we get that 푊푚(푡(푎, 1)) = 0. If 푎 ∈ 1 + 픭
푚
퐹
, then 푡(푎, 1) ∈ J퓊푚 . Our result follows
from Lemma 2.5 that푊푚(푡(푎, 1)) = 휑푚(푡(푎, 1))푊푚(I) = 휑푚(0) = 1.
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To see property (2), for 푥 ∈ 픭3푚
퐹
, it is easy to see that 푢(푥) ∈ J퓁푚. Using(
푎
1
)
푤
(
1
푥 1
)
=
(
1 푎푥
1
)(
푎
1
)
푤,
we observe that푊푚(푡(푎, 1)푤) = 휓(푎푥)푊푚(푡(푎, 1)푤). The conclusion follows from the argument similar
to that in property (1). 
By virtue of Lemma 2.5,푊푚 is what one calls a partial Bessel function, in the sense that,
푊푚(푢1푔푢2) = 휓(푢1)휓(푢2)푊푚(푔), 푢1 ∈ U(퐹 ), 푢2 ∈ J
퓊
푚 , 푔 ∈ GL2(퐹 ).
We use the notation 퐵푚(푔,푊 ) = 푊푚(푔), 푔 ∈ 퐆(퐹 ). The main result that we need regarding these
partial Bessel functions is [6, Lemma 3.6] (slightly paraphrased here):
Proposition 2.7. Let 휋 and 휎 be irreducible admissible representation of GL2(퐹 ) with the same central
character. Let 푙 be an integer so that푊1 ∈ (휋, 휓) and푊2 ∈ (휎, 휓) are Whittaker functions fixed
by K푙. Assume푊푖(I) = 1, 푖 = 1, 2. Then, for 푚 ≥ 3푙, the function given by the difference
퐵푚(푔,푊1) − 퐵푚(푔,푊2)
is supported on 푔 ∈ B(퐹 )푤J퓊푚 .
We also need the full Bessel function for the representation 휋. Let {J퓊푚}푚≥0 be an exhaustive filtration
by compact open subgroup of U(퐹 ). If푊푣 ∈(휋, 휓) then the integral
퓁(푣, 푥) = ∫
J퓊푚
푊푣
((
푥
1
)
푤
(
1 푢
1
))
휓−1(푢)푑푢
converges in the sense that it stabilizes for large 푚 depending on 푥. (See Lemma 4.1of [18].) It defines
a Whittaker functional on 푉 for fixed 푥 ∈ 퐹 , as does the functional 푣 ↦ 푊푣(푒). From the uniqueness
of Whittaker functionals, it follows that there is the constant proportionality, as a function of 푥 when
퓁(푣, 푥) varies, that is,
푗휋(푥)푊푣(푒) = ∫
J퓊푚
푊푣
((
푥
1
)
푤
(
1 푢
1
))
휓−1(푢)푑푢.
The function 푗휋(푥) is called the Bessel function (attached to 푤) and its basic properties were studied by
Soudry [18, Lemma 4.2] which we recall below. The partial Bessel function introduced above (which is
not quasi-invariant on the right under the full unipotent subgroup) is related to the full Bessel function.
Proposition 2.8. Let 푙 and푊 ∈ be as in Lemma 2.5.
(1) For 푛 ≥ 3
2
푙, we have
vol(J퓊
3푛
)푊3푛(푡(푥, 1)푤) = 푗휋(푥) f표푟 푎푙푙 |푥| ≤ 푞6푛.
(2) For any non-negative integer 푛, 푥 ∈ 픭−6푛
퐹
and 푎 ∈ 1 + 픭3푛
퐹
, we have
푗휋(푥푎) = 푗휋(푥).
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3. Proof of stability of Asai local gamma factor for GL2
Before computing integrals, we fix our choice of Haar measures. IfH is any of the unimodular groups
퐆(퐹 ),A(퐹 ),Z(퐹 ),U(퐹 ),U(퐹 ) or K, we normalize the Haar measure onH so that vol(H∩K) = 1. Since
U(퐹 ),U(퐹 ) ≃ 퐹 and A(퐹 ) ≃ 퐹 ×, we may identify the measure on U(퐹 ) and U(퐹 ) with the additive
measure 푑푥 on 퐹 , and the measure on A(퐹 ) with the multiplicative measure 푑×푎 on 퐹 ×. (Likewise, for
Z(퐹 ) ≃ 퐹 ×.) Our normalization is such that 푑×푎 and 푑푥 assigns 픬×
퐹
and 픬퐹 , respectively, unit measure.
If we use the coordinates 푔 = 푢(푥)푧푡(푎, 1)푘, the Haar measure 푑푔 on 퐆(퐹 ) can then be decomposed as
푑푔 = 훿−1
B
(푎)푑푥푑×푧푑×푎푑푘,
where 훿B is the modulus character. If 퐶
∞
푐 (퐆(퐹 )) denotes the space of smooth functions of compact
support on 퐆(퐹 ), then for 푓 ∈ 퐶∞푐 (퐆(퐹 )), there is a constant 푐 = 푐(B) that only depends on B, so that
we have the following integration formula [19] (also see [15, Proposition 8.45])
(3.1) ∫
퐆(퐹 )
푓 (푔)푑푔 = 푐 ∫
U(퐹 )×T(퐹 )×U(퐹 )
푓 (푢푡푢)훿B(푡)
−1푑푢푑푡푑푢.
We will use this formula in our calculations. (Of course, one can also normalize the Haar measures so
that 푐 = 1 in the above formula.)
A (smooth) character 휂 of 퐹 × is said to be unramified if it is trivial on 픬×
퐹
. If 휂 is unramified, we
set its conductor to be 0; otherwise, the conductor of 휂 is the smallest positive integer 푑 for which 휂 is
trivial upon restriction to 1 + 픭푑
퐹
. We write 푛(휂) to denote the conductor of 휂. For 푎 ∈ 퐹 , recall the
Gauss sum
휏(휂, 휓, 푎) = ∫픬×
퐹
휂−1(푢)휓−1(푎푢) 푑×푢
of 휂 relative to 휓 . We have the following (cf. [5, 23.6 Remark], for example):
Lemma 3.2. For 휂 ramified,
∫픬×
퐹
휂−1(푢)휓−1(휛푘
퐹
푢) 푑×푢
{
= 0 if 푘 ≠ −푛(휂)
≠ 0 if 푘 = −푛(휂).
For a set 퐴 ⊂ 퐹 , we denote by ퟙ퐴 the characteristic function of 퐴. For integers 푖 ≥ 0, 푗 > 0, put
Φ푖,푗(푥, 푦) = ퟙ픭푖
퐹
(푥)ퟙ
1+픭
푗
퐹
(푦).
We retain the notation of Subsection 2.1, recall that Π is an irreducible representation of GL2(퐸 ⊗ 퐹 )
and we write Π = 휋 ⊗ 휎 in Case (1). For 푚 ≥ 1, let K푚 ≤ GL2(퐸 ⊗ 퐹 ) be 푚-th congruence subgroup
defined by
K푚 =
⎧⎪⎪⎨⎪⎪⎩
(
1 + 픭푚
퐹
픭푚
퐹
픭푚
퐹
1 + 픭푚
퐹
)
×
(
1 + 픭푚
퐹
픭푚
퐹
픭푚
퐹
1 + 픭푚
퐹
)
Case (1),(
1 + 픭푚
퐸
픭푚
퐸
픭푚
퐸
1 + 픭푚
퐸
)
Case (2).
We then have the corresponding subgroups J퓊푚 and J
퓁
푚 of GL2(퐸 ⊗ 퐹 ). Choose a Whittaker function
푊Π ∈ (Π, 휓퐸) satisfying 푊Π(I) = 1 and let 푙 be a positive integer such that 휌(K푙)푊Π = 푊Π. For
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푚 ≥ 푙, we form the corresponding Howe Whittaker function (푊Π)푚 = 푊Π,푚 ∈(Π, 휓퐸). In Case (1),
if푊Π =푊푊
′,푊 ∈(휋, 휓),푊 ′ ∈(휎, 휓−1), then
푊Π,푚(푔1, 푔2) = 푊푚(푔1)푊
′
푚(푔2).
Proposition 3.3. Let 푛 = 푛(휔휒2) and choose 푚 ≥ max{푙, 2푛(휒)}. Then for 푖 ≥ 3푚,
푍(푠,푊Π,푚,Φ푖,푛, 휒) =
{
푐푞−푖−푛−푚 if 퐸 = 퐹 × 퐹
푐푞−푖−푛vol((1 + 픭푚
퐸
) ∩ 퐹 ×) if E is a field.
Proof. Put Φ = Φ푖,푛. According to (3.1), we have
푍(푠,푊Π,푚,Φ, 휒)
= 푐 ∫
퐹 ×
∫
퐹
푊Π,푚(푡(푎, 1)푢(푥))휒(푎)|푎|푠−1퐹 ⎛⎜⎜⎝∫퐹 × Φ(푒2푡(푎, 1)푢(푥)푧)휔(푧)휒2(푧)|푧|2푠퐹 푑×푧
⎞⎟⎟⎠ 푑푥푑×푎
= 푐 ∫
퐹 ×
∫
퐹
푊Π,푚(푡(푎, 1)푢(푥))휒(푎)|푎|푠−1퐹 ⎛⎜⎜⎝∫퐹 × Φ(푒2푢(푥)푧)휔(푧)휒2(푧)|푧|2푠퐹 푑×푧
⎞⎟⎟⎠ 푑푥푑×푎.
(3.4)
The inner integral reduces to
∫
퐹 ×
Φ(푒2푢(푥)푧)휔(푧)휒
2(푧)|푧|2푠퐹 푑×푧 = ∫
퐹 ×
ퟙ픭푖
퐹
(푥푧)ퟙ1+픭푛
퐹
(푧)푑×푧 =
{
푞−푛 if 푥 ∈ 픭푖
퐹
,
0 otherwise.
Thus
푍(푠,푊Π,푚,Φ푖,푛, 휒) = 푐푞
−푛 ∫
퐹 ×
∫
픭푖
퐹
푊Π,푚(푡(푎, 1)푢(푥))휒(푎)|푎|푠−1퐹 푑푥푑×푎.
Since 푖 ≥ 3푚, 푥 ∈ 픭푖
퐹
⊂ 픭3푚
퐹
⟹ 푢(푥) ∈ J푚. But, according to Lemma 2.5, the function 푊Π,푚(⋅) is
right invariant under 푢(푥) for 푥 ∈ 픭푖
퐹
. Therefore
푍(푠,푊Π,푚,Φ, 휒) =
푐푞−푖−푛 ∫퐹 × 푊Π,푚(푡(푎, 1))휒(푎)|푎|푠−1퐹 푑×푎 =
⎧⎪⎪⎨⎪⎪⎩
푐푞−푖−푛 ∫(1+픭푚
퐹
)
휒(푎)|푎|푠−1
퐹
푑×푎 Case (1)
푐푞−푖−푛 ∫(1+픭푚
퐸
)∩퐹 ×
휒(푎)|푎|푠−1
퐹
푑×푎 Case (2).
Here, the second equality follows from Lemma 2.6. Now, since 푚 ≥ 2푛(휒) and ((1 + 픭푚
퐸
) ∩ 퐹 ×) ⊂
(1 + 픭
[
푚
2
]
퐹
), we obtain the formula. 
By our choice of the measure on 퐹 , for the characteristic function ퟙ픭푖
퐹
, we have
ퟙ̂픭푖
퐹
(푦) = 푞−푖ퟙ픭−푖
퐹
(푦),
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and
ퟙ̂
1+픭
푗
퐹
(푦) = ∫
퐹
ퟙ
1+픭
푗
퐹
(푥)휓(푥푦) 푑푥 = 휓(−푦)∫
퐹
ퟙ
픭
푗
퐹
(푥)휓(푥푦) 푑푥 = 푞−푗휓(−푦)ퟙ
픭
−푗
퐹
(푦).
Hence
(3.5) Φ̂푖,푗(푥, 푦) = 푞
−푖−푗휓(−푦)ퟙ
픭
−푗
퐹
(푦)ퟙ픭−푖
퐹
(푥).
Next, we consider the dual side. Suppose Π1 and Π2 are irreducible admissible representations of
GL2(퐸 ⊗ 퐹 ) having same central character when restricted to 퐹
×. For 푗 = 1, 2, fix푊Π푗 ∈(Π푗 , 휓퐸)
as above, and form the corresponding Howe Whittaker functions 푊Π1,푚 and푊Π2,푚, respectively.
Lemma 3.6. Choose 푚 ≥ max{푙, 푛, 2푛(휒)} with 푛 = 푛(휔휒2) > 0. Keeping notations as in Proposi-
tion 3.3, for 푖 ≥ 3푚, we have
푍(1 − 푠, 푊̃Π1 ,푚, Φ̂푖,푛, 휒
−1) −푍(1 − 푠, 푊̃Π2,푚, Φ̂푖,푛, 휒
−1)
= 푐휔,휒,휓 ∫
퐹 ×
[퐵푚(푡(푎, 1)푤,푊Π1 ) − 퐵푚(푡(푎, 1)푤,푊Π2 )](휔휒)
−1(푎)|푎|−푠
퐹
푑×푎,
(3.7)
where
푐휔,휒,휓 =
{
푐푞−푖−푛+푚+2푛(1−푠)(휔휒2)(휛푛
퐹
)휏(휔휒2, 휓,휛−푛
퐹
) Case (1)
푐푞−푖−푛+2푛(1−푠)(휔휒2)(휛푛
퐹
)휏(휔휒2, 휓,휛−푛
퐹
)vol(픭−푚
퐸
∩ 퐹 , 푑푥) Case (2).
Proof. For 푗 = 1, 2, using (3.1) again, we see that 푍(1 − 푠, 푊̃Π푗 ,푚, Φ̂푖,푛, 휒
−1) equals
(3.8)
푐 ∫
퐹 ×
∫
퐹
푊̃Π푗 ,푚(푡(푎, 1)푢(푥))휒
−1(푎)|푎|−푠
퐹
⎛⎜⎜⎝∫퐹 × Φ̂푖,푛(푒2푡(푎, 1)푢(푥)푧)휔−1(푧)휒−2(푧)|푧|2−2푠퐹 푑×푧
⎞⎟⎟⎠ 푑푥푑×푎.
Substituting for the Fourier transform (3.5), the inner integral becomes
퐺푖,푛(푥) =
⎧⎪⎪⎨⎪⎪⎩
푞−푖−푛 ∫|푧|퐹≤푞푛 휓(−푧)휔
−1(푧)휒−2(푧)|푧|2(1−푠)
퐹
푑×푧 if |푥|퐹 ≤ 푞푖−푛,
푞−푖−푛 ∫|푧|퐹≤ 푞푖|푥|퐹 휓(−푧)휔
−1(푧)휒−2(푧)|푧|2(1−푠)
퐹
푑×푧 if |푥|퐹 > 푞푖−푛.
We may re-write the first integral in the above expression as a sum over shells to obtain
푞−푖−푛 ∫|푧|퐹≤푞푛 휓(−푧)(휔휒
2)(푧−1)|푧|2(1−푠)
퐹
푑×푧 = 푞−푖−푛
∞∑
푘=−푛
∫픭푘
퐹
−픭푘+1
퐹
휓(−푧)(휔휒2)(푧−1)(푞−푘)2(1−푠)푑×푧
= 푞−푖−푛
∞∑
푘=−푛
푞−2푘(1−푠)(휔휒2)(휛−푘퐹 )휏(휔휒
2, 휓퐹 , 휛
푘
퐹 ).
Since 휔휒2 is ramified character of 퐹 × with conductor 푛, by Lemma 3.2, we obtain
(3.9) 퐺푖,푛(푥) = 푞
−푖−푛+2푛(1−푠)(휔휒2)(휛푛
퐹
)휏(휔휒2, 휓퐹 , 휛
−푛
퐹
) if |푥|퐹 ≤ 푞푖−푛.
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Insert 푊̃Π푗 ,푚(푡(푎, 1)푢(푥)) =푊Π푗 ,푚(푡(1, 푎
−1)푤푢(−푥)) in (3.8). It follows from Proposition 2.7 that
퐵푚(푡(1, 푎
−1)푤푢(−푥),푊Π1 ) − 퐵푚(푡(1, 푎
−1)푤푢(−푥),푊Π2 ) = 0
for 푥 ∉ 픭−푚
퐸
∩ 퐹 . Hence
푍(1 − 푠, 푊̃Π1,푚, Φ̂푖,푛, 휒
−1) −푍(1 − 푠, 푊̃Π2,푚, Φ̂푖,푛, 휒
−1)
= 푐 ∫
퐹 ×
∫ [퐵푚(푡(푎, 1)푤푢(−푥),푊Π1 ) − 퐵푚(푡(푎, 1)푤푢(−푥),푊Π2 )](휔휒)−1(푎)|푎|−푠퐹 퐺푖,푛(푥)푑푥푑×푎,(3.10)
where the 푥-integral is over 픭−푚
퐹
in Case (1), and over 픭−푚
퐸
∩ 퐹 in Case (2). On the other hand, since
푖 ≥ 3푚, we may choose 푚 ≥ 푛 so that 푥 ∈ 픭−푚
퐸
∩ 퐹 ⟹ 푥 ∈ 픭
−(푖−푛)
퐹
. By Lemma 2.5, part (2),
both푊Π1,푚 and푊Π2 ,푚 are invariant under right translation by elements in J
퓊
푚 . Thus collecting (3.9) and
(3.10), we get the desired conclusion. 
Next, we seek to remove the dependence of the integrand in (3.7) on 푚. A smooth function 휑 on a
subtorus A ⊂ T is said to be uniformly smooth if there exists a fixed compact open subgroup A0 ⊂ A
such that 휑(푎푎0) = 휑(푎) for all 푎0 ∈ A0 and 푎 ∈ A. We do this on a case-by-case basis.
3.1. Non-split case. 퐸 is a field.
Proposition 3.11. In the set-up of Lemma 3.6, put푊푖 =푊Π푖 and푊푖,푚 = (푊푖)푚, 푖 = 1, 2.
(1) There exists a suitably large integer 푚 ≫ 0 such that, for 푖 ≥ 3푚, we have
푍(1 − 푠, 푊̃1,푚, Φ̂푖,푛, 휒
−1) −푍(1 − 푠, 푊̃2,푚, Φ̂푖,푛, 휒
−1)
= 푐푞−푖−푛+2푛(1−푠)(휔휒2)(휛푛
퐹
)휏(휔휒2, 휓,휛−푛
퐹
)vol(픭−푚
퐸
∩ 퐹 , 푑푥)
vol(J퓊
3푙
)
vol(J퓊푚)
∫
퐹 ×
[퐵3푙(푡(푎, 1)푤,푊1) − 퐵3푙(푡(푎, 1)푤,푊2)](휔휒)
−1(푎)|푎|−푠
퐹
푑×푎.
(2) (Uniform smoothness) The function
푎 ↦ [퐵3푙(푡(푎, 1)푤,푊
1) − 퐵3푙(푡(푎, 1)푤,푊
2)]휔−1(푎)|푎|−푠
퐹
is uniformly smooth.
Proof. We use part (3) of Lemma 2.5 with 푚 ≥ 3푙, to obtain
퐵푚(푡(푎, 1)푤,푊1) − 퐵푚(푡(푎, 1)푤,푊2)
=
1
vol(J퓊푚) ∫J퓊푚
[퐵3푙(푡(푎, 1)푤푢,푊1) − 퐵3푙(푡(푎, 1)푤푢,푊2)]휓
−1
퐸 (푢) 푑푢
=
1
vol(J퓊푚) ∫J퓊3푙
[퐵3푙(푡(푎, 1)푤푢,푊1) − 퐵3푙(푡(푎, 1)푤푢,푊2)]휓
−1
퐸 (푢) 푑푢
=
vol(J퓊
3푙
)
vol(J퓊푚)
[퐵3푙(푡(푎, 1)푤,푊1) − 퐵3푙(푡(푎, 1)푤,푊2)].
(3.12)
Here, we have used Proposition 2.7 in deducing the second equality. Plugging (3.12) into (3.7), we
arrive at the Proposition.
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For the second assertion, we note that the function
푎 ↦ 퐵푚(푡(푎, 1)푤,푊1) − 퐵푚(푡(푎, 1)푤,푊2)
is right invariant under 1 + 픭3푙
퐹
and is consequently uniformly smooth relative to 푚. 
Collecting Proposition 3.3, Proposition 3.11 and (2.1), we obtain
훾As(푠,Π1, 휒, 휓) − 훾As(푠,Π2, 휒, 휓)
= 푣푚푑휔,휒,휓 ∫
퐹 ×
[퐵3푙(푡(푎, 1)푤,푊1) − 퐵3푙(푡(푎, 1)푤,푊2)](휔휒)
−1(푎)|푎|−푠퐹 푑×푎,
where 푣푚 is the volume factor 푣푚 =
vol(픭−푚
퐸
∩ 퐹 )vol(J퓊
3푙
)
vol(1 + 픭푚
퐸
∩ 퐹 ×)vol(J퓊푚)
and
푑휔,휒,휓 = 푞
2푛(1−푠)(휔휒2)(휛푛
퐹
)휏(휔휒2, 휓,휛−푛
퐹
)
is a non-zero constant. But the integral on the right hand side is 0 for a suitable highly ramified 휒 . For
instance, if 휒 is such that 푛(휒) > 3푙, then the integral vanishes thus giving us stability of Asai 훾-factor
under highly ramified twists.
To prove the corresponding statement for 퐿- and 휀-factors, we only need to prove stability for the
퐿-function. With [16, Corollary 4.3] in hand concerning the poles of the Asai 퐿-function, this can be
proved exactly as in Jacquet and Shalika [12, Proposition 5.1].
3.2. Split case. 퐸 = 퐹 × 퐹 .
Here Π1 = 휋1 ⊗ 휎 and Π2 = 휋2 ⊗ 휎 with 휋1 and 휋2 having the same central character. Also,
휔 = 휔휋1휔휎 = 휔휋2휔휎 in this case. Suppose 푊Π1,푚 = 푊1,푚푊
′
푚 and 푊Π2 ,푚 = 푊2,푚푊
′
푚, where 푊푗,푚 ∈(휋푗 , 휓), 푗 = 1, 2, and푊 ′푚 ∈(휎, 휓−1).
Proposition 3.13. Let 휔, 휒, 푛, 푙 and rest of the notation be as in Lemma 3.6.
(1) There exists a suitably large integer 푚 ≫ 0 such that, for 푖 ≥ 3푚, we have
푍(1 − 푠, 푊̃1,푚, 푊̃
′
푚, Φ̂푖,푛, 휒
−1) −푍(1 − 푠, 푊̃2,푚, 푊̃
′
푚, Φ̂푖,푛, 휒
−1)
= 푐푞−푖−푛+푚+2푛(1−푠)(휔휒2)(휛푛
퐹
)휏(휔휒2, 휓,휛−푛
퐹
)
vol(J퓊
3푙
)
[vol(J퓊푚)]
2
∫픭−9푙
퐹
[퐵3푙(푡(푎, 1)푤,푊1) − 퐵3푙(푡(푎, 1)푤,푊2)]푗휎(푎)(휔휒)
−1(푎)|푎|−푠
퐹
푑×푎.
The integral can run over 퐹 ×.
(2) (Uniform smoothness) The function
푎 ↦ [푊 1
3푙
(푡(푎, 1)푤) −푊 2
3푙
(푡(푎, 1)푤)]푗휎 (푎)휔
−1(푎)|푎|−푠
퐹
is uniformly smooth for 푎 ∈ 픭−9푙
퐹
.
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Proof. As in (3.12), we obtain
∫
퐹 ×
[퐵푚(푡(푎, 1)푤,푊Π1 ) − 퐵푚(푡(푎, 1)푤,푊Π2 )](휔휒)
−1(푎)|푎|−푠
퐹
푑×푎
= ∫
퐹 ×
[(푊1)푚(푡(푎, 1)푤) − (푊2)푚(푡(푎, 1)푤)]푊
′
푚(푡(푎, 1)푤)(휔휒)
−1(푎)|푎|−푠퐹 푑×푎
=
vol(J퓊
3푙
)
vol(J퓊푚) ∫
퐹 ×
[(푊1)3푙(푡(푎, 1)푤) − (푊2)3푙(푡(푎, 1)푤)]푊
′
푚(푡(푎, 1)푤)(휔휒)
−1(푎)|푎|−푠
퐹
푑×푎
for 푚 ≥ 3푙. By Lemma 2.6 (2), we get
∫퐹 ×[퐵푚(푡(푎, 1)푤,푊Π1 ) − 퐵푚(푡(푎, 1)푤,푊Π2 )](휔휒)
−1(푎)|푎|−푠
퐹
푑×푎
=
vol(J퓊
3푙
)
vol(J퓊푚) ∫픭−9푙퐹
[(푊1)3푙(푡(푎, 1)푤) − (푊2)3푙(푡(푎, 1)푤)]푊
′
푚(푡(푎, 1)푤)(휔휒)
−1(푎)|푎|−푠퐹 푑×푎.
Choosing 푚 = 3푛 with 푛 ≥ 2푙, we apply Proposition 2.8 (1) to obtain
vol(J퓊푚)푊
′
푚(푡(푎, 1)푤) = 푗휎(푎) for |푎|퐹 ≤ 푞2푚.
Then inserting this into the above expression we get
∫퐹 ×[퐵푚(푡(푎, 1)푤,푊Π1 ) − 퐵푚(푡(푎, 1)푤,푊Π2 )](휔휒)
−1(푎)|푎|−푠
퐹
푑×푎
=
vol(J퓊
3푙
)
[vol(J퓊푚)]
2 ∫픭−9푙
퐹
[(푊1)3푙(푡(푎, 1)푤) − (푊2)3푙(푡(푎, 1)푤)]푗휎 (푎)(휔휒)
−1(푎)|푎|−푠
퐹
푑×푎.
(3.14)
Plugging (3.14) into (3.7), we obtain the desired formula.
For the second assertion, it follows from Proposition 2.8 (2) that for 푎 ∈ 픭−9푙
퐹
, the function is right
invariant under 1 + 픭6푙
퐹
. 
Putting Proposition 3.3, Proposition 3.13 and (2.1) together, we get
훾(푠, (휋1 ⊗휒), 휓) − 훾(푠, (휋2 ⊗ 휒), 휓)
= 푣푚푑휔,휒,휓 ∫
픭−9푙
퐹
[퐵3푙(푡(푎, 1)푤,푊1) − 퐵3푙(푡(푎, 1)푤,푊2)]푗휎(푎)(휔휒)
−1(푎)|푎|−푠퐹 푑×푎,
where 푣푚 =
vol(J퓊
3푙
)
[vol(J퓊푚)]
2
and 푑휔,휒,휓 = 푞
2푚+2푛(1−푠)(휔휒2)(휛푛
퐹
)휏(휔휒2, 휓,휛−푛
퐹
) ≠ 0. By uniform smooth-
ness, the integral on the right hand side is 0 for 휒 satisfying 푛(휒) > 6푙. Since 퐿(푠, (휋 ⊗휒) × 휎) = 1 for
a highly ramified 휒 according to [12, Proposition 5.1], this concludes the proof of Theorem 1.1 in the
split case.
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